The acoustic field generated by a distribution of micro-bubbles serving as contrast agents for a three-dimensional scattering volume is evaluated. A dual-frequency incident field generated by a confocal transducer insonifies the target and creates a scattered field that includes the difference frequency component that is of interest for improving the resolution in imaging of biological tissue. The scattered pressure is computed for a range of compressibility contrast parameters and wavenumbers using Born series and Padé approximants to ensure convergence as the medium contrast is increased. The effect of this pressure field on the resonant radiation of bubbles is examined and bubble parameters that influence the amplification of the field measured exterior to the scattering volume are identified. A baseline comparison of the scattered pressure field with and without the presence of bubble contrast agents is presented.
INTRODUCTION
Dual-frequency imaging has been proposed to enhance the ultrasonic characterization of biological tissues [1] . In particular, the difference frequency signal generated from the interrogated medium has been found to distinguish changes in tissue properties. However, the amplitude of the difference frequency ultrasound arising from the nonlinear interaction of the two incident waves is found to be lower than that of the primary signal [2] . To address this limitation, the enhancement of the tissue response by introducing microbubble contrast agents is considered. The insonification of the medium near the resonant frequency of the bubbles has been shown to improve the spatial resolution of the medium. Stride et al. [3] analyze a one-dimensional propagation model through a suspension of microbubbles and present a comparison of the response of uncoated and coated microbubble concentrations. The onset of nonlinear response of coated bubbles at low excitation pressures compared to the uncoated case was noted. A limitation of the microbubble contrast imaging is in differentiating the contribution of microbubbles and the tissue. In this paper, a numerical model is proposed for computing the acoustic linear and nonlinear scattering interactions from a three-dimensional medium comprised of a microbubble-liquid mixture and an inhomogeneous component. The method is based on the application of Padé approximants to the Neumann series solution of the scattered fields. Of particular interest is the accurate modeling of the frequency response in the vicinity of the resonant frequencies of the microbubble.
CONFOCAL TRANSDUCER
The geometry of the system considered is depicted in Fig. 1 . A confocal transducer shown on the left generates a dual-frequency incident wave p i (x, t) = Re{P i 1 (x)e iω 11 t + P i 2 (x)e iω 12 t }. Here x = (x 1 , x 2 , x 3 ) represents three-dimensional spatial coordinates and ω 11 and ω 12 are incident frequencies. The wave insonifies a cubic volume Ω of dimensions L 3 o = .25 mm 3 that resides in a host liquid. The volume Ω is composed of a microbubble-liquid mixture Ω b and a volume Ω s of an inhomogeneous material. The observed pressure p = p i + p s is a summation of the incident wave p i and p s (x, t) = Re{P s 1 (x)e iω 11 t + P s 2 (x)e iω 12 t }, the scattered wave. The confocal transducer geometry consists of a two-element spherically focused annular array. The central disc has radii a 11 = 14.8mm, a 12 = 16.8mm and outer radius a 22 = 22.5mm. The central and outer disk are excited at frequencies ω 11 and ω 12 respectively and the focal length isx 3 = 70mm. The pressure field generated by the transducer along x = (x 1 , 0, 0) and (0, 0, x 3 ) for frequencies f 11 = 3 MHz and f 12 = 3.025 
MICROBUBBLE-LIQUID MIXTURE
The microbubble-liquid mixture is composed of microbubbles of uniform radius suspended in the host liquid. The ratio of microbubble volume to the total mixture volume is represented as β and β << 1. This allows the effective density of the mixture to be approximated as (1 − β)ρ, where ρ is the density of the host liquid. It is assumed that each microbubble is spherically symmetric with an instantaneous microbubble radius R(x, t) that exhibits spatially uniform radial fluctuation in time. The temporal variation of the volume fraction can be represented in terms of the microbubble radius as,
where η is the number of microbubbles per volume in the mixture.
The first-order and second-order acoustic parameters are derived by representing the pressure, density, particle velocity and microbubble radial oscillations as perturbations of ambient condition, such that
Retaining the first-order and second-order parameters in the conservation of mass and momentum governing equations [4] , results in the pressure wave equations
where terms ρ 0 , c 0 are the liquid density and sound speed, respectively.
Microbubble Dynamics
Church [5] derived a Rayleigh-Plesset like equation describing the dynamics of encapsulated gas bubbles, assuming that the coating material is a layer of an incompressible, viscous-elastic solid. The dynamic equation for a single microbubble is derived as 
where R 0 and R are the inner radii of a single microbubble at equilibrium and oscillating conditions respectively. The outer radii at equilibrium and oscillation are represented as R 0,out and R out = (R 3 + R 3 0,out − R 3 0 ) 1/3 respectively [6] . The terms σ 1 and σ 2 are the respective surface tensions at the inner and outer radius. The polytropic constant is denoted by κ, μ s is the viscosity of the shell and μ 0 is the viscosity of the surrounding fluid. G s is the modulus of rigidity, and R e1 = R 0 [1 + (
4VsGs )] is the unstrained equilibrium position of the inner radius. The term V s = R 3 0,out − R 3 0 is the shell volume fraction.
The microbubble radial oscillations R are dependent on the pressure p at the surface of the elastic shell. The biharmonic first-order pressure p 1 (x, t) =Re{P 11 (x) e iω 11 t + P 12 (x) 12 e iω 12 t } induces the radial oscillation
. The radial complex amplitudes A 1m for m = 1, 2 are found to be of the form,
where
is the wavenumber, ζ is the dimensionless term associated with viscous damping and the dimensionless term α is the difference in densities between the shell and the saturating liquid. They are represented as
The resonant frequency ω o is obtained as,
in terms of the following three dimensionless ratios
The second-order radial oscillation 
WAVE MOTION THROUGH INHOMOGENEOUS MEDIUM
The inhomogenous medium in volume Ω s is characterized by its material properties of density ρ d and compressibility
In the absence of the microbubble contrast agents, the governing wave equations for the first-order pressure p 1 and the second-order pressure p 2 due to the volume Ω s are,
where γ κ is the compressibility contrast
and γ ρ is the density contrast
and Γ is the nonlinearity term
In the above inhomogeneous first-order wave equations, the material contrasting acoustic properties between the saturating liquid and volume Ω s are treated as source terms. Similarly, the nonlinearity in the second-order pressure wave equation is a source term.
Volume integral solutions of the ultrasonic scattered fields
In the presence of the microbubble mixture, the aforementioned equations Eqs. (6) include additional source terms. The first order pressures P 11 and P 12 satisfy the following inhomogeneous wave equations
Using Green's identity the solutions for the first-order and second-order pressure can be evaluated. The Kirchhoff-Helmholtz integral equation that results for the first-order pressure is,
where A 1m =Â 1m P 1m in Eq. (8), z represents the magnitude of the source terms, and G is the three-dimensional free-space Green's function
The integral equation in Eq. (8) can be approximated using a Neumann series solution.
The first-order pressure P 1m is expressed as a power series
where N is the order of the series. Substituting Eq. (10) into Eq. (8) and matching like powers of z, the coefficients are expressed as
(11) where Φ 0 the zeroth-order coefficient is the incident pressure. Due to the series radius of convergence limitation, Eq. (11) is cast as a Padé approximant [8] , [9] . The resulting solution for the first-order pressure is given as
where N = 2M + 1 and M is the order of the diagonal Padé approximant considered. The solution for the numerator C m and denominator B m coefficients in the expansion can be obtained from the Neumann series coefficients Φ n by matching the like powers of z [8] .
The second-order pressure for the inhomogeneous medium is a radiated component and results from the nonlinear source terms generated from first-order scattered pressure waves. Therefore, for observations x o within the medium, the pressure P 2 is zero. The second-order pressure field observation outside the medium is obtained as, 
RESULTS
Prescribing the microbubble-liquid parameters given in Table I , the frequency response characteristics of volume Ω b for the first-order and the second-order pressure waves are examined. The single microbubble properties are modeled after Albunex contrast-agent. The volume Ω is uniformly sampled into N 3 s = 128 3 elements. The following nondimensionalized variables are considered for numerical analysis:p = p/p 0 , The first-order scattered pressure frequency characteristics of the microbubble-liquid mixture, without the inhomogeneous medium (γ κ = γ ρ = 0), are obtained. To ensure the numerical stability of our solution, results are computed at ω o + 0.5 × 10 6 , near microbubble reasonance. Figure 3a depicts the results for a concentration of η = 10 10 microbubbles/m 3 for varying radii of the microbubbles, demonstrating a decrease in reasonant frequency with increasing microbubble radius. In Fig. 3b , the first-order pressure results for a constant microbubble radius of 3μm demonstrate a pronounced increase in magnitude for higher microbubble concentrations ranging from η = 10 10 to 10 12 microbubbles/m 3 . The corresponding second-order pressure results for the difference-frequency ω 2 = ω 12 − ω 11 = ω o , demonstrate a decrease in reasonant frequency with larger microbubble radius and an increase in magnitude for higher microbubble concentrations. These are shown in Figs. 4.
The effects of including an inhomogeneous medium of volume Ω s into our analysis is examined. The volume Ω s has a the material parameters ρ d = 1060 kg/m 3 , c d = 1540m/s and a nonlinearity value of B/A = 6.5, coresponding to a γ κ = 0.05 compressibility contrast and γ ρ = 0.1 density contrast. In Fig. 5a , the first-order scattering pressure results from volume Ω depicts higher magnitudes near reasonance with rather than without the microbubbles. In Fig. 5b , the second-order pressure results demonstrate an increase in magnitude with the addition of the microbubble mixture. 
CONCLUSION
The scattered field of first-order and second-order pressure waves from a combined microbubble-liquid and inhomogeneous material is numerically calculated, using a Padé
